SMOOTHNESS OF LIPSCHITZ MINIMAL INTRINSIC GRAPHS 
IN HEISENBERG GROUPS H", n > 1 
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Abstract. We prove that Lipschitz intrinsic graphs in the Heisenberg groups 
H", with n > 1, which are vanishing viscosity solutions of the minimal surface 
equation are smooth. 



1. Introduction 

The Heisenberg group is a Lie group with Lie algebra R^^^^ endowed with a 
stratification Vi © V2, where Vi has dimension 2n, and V2 = [Vi, Vi] has dimension 
1. Since we are interested in non-characteristic graphs, it is convenient that we use 
canonical coordinates of the second kind (the so called polarized coordinates 
and denote (s,x) the elements of the group, where x = (xi, ...,X2n)- Accordingly 
we will choose a basis of the Horizontal tangent space Vi as follows: 
Xs ^ ds,Xi ^ di, for i = 1, n - 1, 
Xi ^ di - Xi^n+id2,i, for i = n, 2n - 1. 

This set of vectors can be completed to be a basis of the tangent space by adding 
the vector 

d2n e V2. 

The notion of intrinsic regular surface has been studied in [22], [13]. Such a 
surface is the graph of a function u : R^" R, and can be represented as 

M — {(s,x) : s — u{x)}. 

Note that intrinsic graphs are always non-characteristicQ. According to a version 
of the implicit function theorem and 13j), any level surface {/(s, x) = c} C H" 
of functions / : H" R with continuous derivatives along the directions (jl.ip . 
can locally (near non-characteristic points) be expressed as an intrinsic graph of 
a function u : — > R, 57 C R^". Moreover the Cj^ smoothness of / implies that 
the function u is regular with respect to the projection on its domain of the vector 
fields in (jl.ip (see [13] and [1]). Since Xg has null projection of the domain of u, 
the regularity of this function will be described in terms of the vector fields: 

(1.2) Xi^u = Xi for i <2n-2, A2„_i,„ = d2n-i + u{x)d2n, 

In particular X2n-i.u is a non linear vector field, since it depends on u. Note that 
the vector fields Xi ^, X2n-i.u, satisfy Hormander's finite rank condition in R^". 
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Consequently they give rise to a control distance du, whose metric balls Bu{x,r) 
have volume comparable to r'^ , with Q = 2n+ 1 the homogenous dimension of the 
space (R2",d„). 

The notion of mean curvature has been recently introduced as the first variatior0 
of the area functional. Several first variation formula have been independently 
established in receent years, see for instance [18], [7], [8], [4], [32], [33], [27], [28] . 
[35j , [36j . For an introduction to the sub-Riemannian geometry of the Heisenberg 
group and a more detailed list of references see [5] . The prescribed mean curvature 
equation for intrinsic graphs (over O C K^") in the Heisenberg groups of dimension 
71 > 1 has the following expression 

2n~l fx \ 

where 

If M G C^(il) is a solution of (|1.3p for / = then its graph is a critical point of the 
perimeter and consequently it is called a minimal intrinsic graph. 

Properties of regular minimal surfaces have been investigated in [24], [31], [8], 
[7], [23], [H], [2] and [29]. 

Since minimal surfaces arise as critical points of the perimenter functional, the 
variational formulation naturally provides several notions of non regular solutions 
(see for instance [5J, [3T] and [7]). Indeed existence of BV minimizers of the perime- 
ter is proved in [24], [31] using direct methods of the calculus of variations, More 
recently, existence of Lipschitz continuous vanishing viscosity solutions has been 
studied in [7J. Such solutions arise as the sub-Riemannian mean curvature equa- 
tion is approximated by Riemannian problems which express the mean curvature 
in an approximating Riemannian metrics (see _31_ and [7J for the relation between 
Riemannian and sub-Riemannian curvature). The Riemannian approximation of 
lEl is 

2" / ye „ \ 

n2n 



(1.4) L^u = y „ , = /, for a; e C 
where 

(1.5) Xf.„ = for * < 2n - 1, X^^^^ - ed^^ and = (X^^, . . . , X|„, J. 

Definition 1.1. Letting C\, denote the standard Euclidean norm, we will say 
that an Euclidean Lipschitz continuous function u is a vanishing viscosity solution 
of (jl.3p in an open set fl, if there exists a sequence Ug of smooth solutions of ()1.4|) 
in r2 such that for every compact set K C Q 

• l|we||c|,(i^) < C for every e; 

• ~* u as s ~* pointwise a.e. in fJ. 

As mentioned above, existence of this type of viscosity solutions in the case 
of graphs, i.e. graphs of the form X2n = 5(5, xi, a;2n-i), has been proved 
in [7] Theorem A and Theorem 4.5]. For such graph the corresponding PDE is 
more degenerate than (|1.4[) as characteristic points are allowed (indeed, much of 



^For variations which do not move the characteristic set 
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the analysis in [7J and 8J is focused on the study of solutions near such points). 
In the same paper the authors prove that such solutions are minimizers of the 
perimeter and address questions of uniqueness and comparison theorems as well. 
The problem of regularity of minimal surfaces is still largely open. In this paper 
we address the issue of regularity away from characteristic points. Our goal is to 
prove the following 

Theorem 1.2. The Lipschitz continuous vanishing viscosity solutions of (jl.3p with 
zero right-hand- side f = are smooth functions. 

Invoking the implicit function theorem, we want to apply Theorem 11.21 to the 
study of the regularity away from the characteristic locus of the Lipschitz perimeter 
minimizers found in Pf] for the case H", n > 1. Here and in the following V^; 
denotes the Euclidean gradient in M^". We also denote by (yi, y2n+i) exponential 
coordinates of the first kin41, defined by exp(yiXs + J^^^i^ Vi+iXi + y2n+i92n) = 
exp(sXs)[n-"~^ eyip(x^Xi)] exp(a;2„92n)- 

Corollary 1.3. Let O C M^" he a strictly convex, smooth open set, ip € C'^ °'{0) 
and for each (j/i, 2/2n) G O denote by (yi, ?/2n)* = (?/2, -yi, 2/4, -2^3, ...)• Con- 
sider the family 

{gs{yi,--,y2n)}e sup l^el + sup |V£;5e| < C (uniformly in e) , 
o o 

of smooth solutions of the approximating minimal surface PDE 

/ Veffe + (yi,...,y2n)* \ n ■ n ^ an 
div — = ^ m (J and g^ — m o(J 

\^e^ + \VE9e + iyu-,y2n)*\J 

found in [71 Theorem 4.5]. If for po = {pq,Pq, ...,Pq"~^) £ O, a > and for every 
s > we have |9yjgj(po)| > a > (or any other partial derivative is non-vanishing 
at Pq uniformly in s) then there is a sequence Sk ^ such that the Lipschitz 
perimeter minimizer g — lim^^^o 9ek smooth in a neighborhood of the point Pq. 

Proof. The implicit function theorem and a change of coordinates imply that the 
level set of 

y2n+i - ge{yi, ■■■,y2n) 
can be written as smooth intrinsic graphs s = u^{x) in a neighborhood of po, with 
Me defined in an open set fl C M^". The Lipschitz bounds on g^ (proved in [7i 
Propositions 4.2-4]) yield uniform Lipschitz bounds on u^, thus allowing to apply 
Theorem 11.21 and conclude the proof. □ 

We remark that in the case n = 1 of the first Heisenberg group the regularity of 
vanishing viscosity minimal intrinsic graphs is quite different. In the forthcoming 
paper ^ we study this problem and prove a form of intrinsic regularity, with 
differentiability along the Legendrian foliation of the minimal graph. 

Equation p.3p is an uniformly elliptic approximation of a subelliptic equations. 
The defining vector fields have Lipschitz coefficients and satisfy a weak Hormander 
condition, since together with their first order vector fields they span the space at 
every point. The main difficulty of the proof is to handle the vector field 

X2n-l,u = d2n-l + u{x)d2n 



''these are the coordinates used in [7]. 
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and the dependence on e. A similar difficulty arises in problems of mathematical 
finance. For example in [16j, [T^, it was proved that the viscosity solutions of the 
following equation are C°° 

Xfu + X2U = 

where Xi = dxx,X2 — dyU + udzU, satisfy a weak Hormander condition analogue 
to the one in the present paper. The techniques in |16j . [17j . provide the main 
inspiration for the proof of Theorem 11.21 



The regularity of solutions will be measured in terms of the natural norm of the 
intrinsic Holder class C^'", i.e. functions / such that V^/ is Holder continuous, 
with respect to the control distance d„. The proof will be accomplished in two 
steps: 

STEP 1 First prove that the Lipschitz continuous solutions are of class C^'". 
Since the operator in ()1.4p is represented in divergence form, then by differen- 
tiating the PDF and combining several horizontal and "vertical" energy estimates, 
it is possible to prove a Euclidean Cacciopoli-type inequality for the intrinsic gra- 
dient V^u of the solution. The Moser iteration technique will then lead to Holder 
continuous estimates uniform in e for the gradient. This step holds also for n = 1. 

STEP 2 We prove the smoothness of the solution. In order to do so we first 
note that the operator can also be represented in a divergence form: 

2n 

(1.6) L,u= J2 al^{Vlu)Xl^Xl^u, 

where 

<,:i?^"^i? a^^.b) = %-^^. 

For every fixed point xq we will approximate the assigned operator with a linear, 
uniformly subelliptic operator in divergence form L^^^oj with C°° coefficients. The 
approximation is carried out through a ad-hoc freezing technique, where the func- 
tion u in the coefficients of the vector field is substituted with polynomials, in a 
technique reminiscent of the work of Rothschild and Stein [33] . The novel difficulty 
arises from the non-smoothness of u, and has to be dealt with through a delicate 
bootstrap argument. The existence of a fundamental solution FJ^ for such operator 
as well as its estimates, uniform in £, have previously been proved in the papers [3] 
and [H]. Eventually F^ will be used to define a parametrix for the fundamental 
solution of and to obtain estimates independent of e, of the derivatives of any 
order of the solution. 



2. Notations and known results 

2.1. Holder classes. In the sequel we will always keep fixed a function u G = 
C°°{ft), with C M^" and consider the vector fields Xf^ in (|1.5p . with coefficients 
depending on the fixed function u. Let us define a new vector field 

which act as a second order derivative, and call degree of Ci the natural number 
deg{ui) = 1 for Ui < 2n, deg{2n + 1) = 2. Correspondingly the degree of any 
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multi-index a — (cti, . . . , am), Ur G {1, . . . , 2n + 1}, 1 < r < m e N, will be: 

m 

deg{a) — deg[ai). 

i=l 

We will also denote the cardinality oi a — (ci, . . . , (t,„) the number of its elements: 

= m. 

We define the intrinsic derivative 

(2-1) '^U=^lu^---Kr.,^^ 

and Vl*^ the vector field with components {y%u)deg{(T)=k- 

Since the vector fields Xf^ are the Riemannian completion of an 

Hormander type set of vectors, they give rise to a control distance de^u- The corre- 
sponding metric balls are denoted Be,u{x,r). As e ^ the metric space (f2,de^s) 
converge in the Gromov-Hausdorff sense to ($7, d^) (see [S]). 

We next define the spaces of Holder continuous functions related to the fixed 
function u. 

Definition 2.1. Let xq E fl, < a < 1, assume that u is a fixed Lipschitz 
continuous function, and that u is defined on 57. We say that u £ Cg (51) ij for every 
compact set K there exists a positive constant M such that for every x^xq E K and 
£ > 

(2.2) \u{x)-u{xo)\ <Md,,u{x,xo). 

Iterating this definition, if k>l, we say that u e CQ'"(fl), ifWlu e cr''"(f7). 

2.2. Taylor approximation. The following result is well know for vector fields 
with C°° coefficients (see [30]) also holds for vector field is of the form dx + ud2n, 
with u Lipschitz continuous with respect to the Euclidean distance. Let us first 
denote by ei, . . . , e2n the canonical coordinates of a point x around xq, 

2n-l 

X = exp{ e^Xl^ + e2„X|„+i,a)(xo) 
1=1 

and, for a multi- index a — (cri, . . . , a2n) we will denote e^ — (co-i, ■ . ■ , ea-2„)- 

We explicitly note that, since X|„ ^ and X|„+i „ are parallel, only one of them 
can appear in the definition of canonical coordinates, otherwise the values of 
would not be uniquely determined. Due to this fact, for every multi-index a — 
((Ti, ■ • • (Tm), with components in {f , • • • 2n} we will denote I{a) ~ {gi, ■ ■ ■ Qm), where 
Qi = Gi if cTi ^ 2n, and Qi — 2n -\- 1 ii cri = 2n. 

Theorem 2.2. Let xoGil, 0<a<f,fcGNU {0} and assume that u e Cl'°'{9). 
Then we can define Taylor polynomial of order k the function 

k ^ 

h = l degi^) = h. ""V )■ 

and we have 

(2.3) u{x) = P^^u{x) + O (4,a(xo, a:)'=+") as x ^ Xq. 
We will also set P^^u — for any negative integer k. 
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Note that 

2n-l 

From the expHcit expression of the Taylor polynomials of order less than 4 it is 
possible to directly deduce the following result. 

Remark 2.3. If u ^ C^'"(il), Q < k < -i, K is a compact subset oj VL and a is a 

multi-index, then there exists C > such that 

(2.4) - P^u{0\ < Cd'^Axo,x)dl^{xo,0, 

for every x,xo,£_ G K, see pjj Lemma 3.6] and ]1M Remarks 2.24 and 2.25]. 

2.3. Derivatives and Frozen derivatives. We will introduce here first order 
operators with polynomial coefficients which locally approximate the vector fields 
Xf^. These new vector fields are defined in terms of the Taylor development of the 
coefficients of Precisely, for any fixed point xq we will call operator frozen at 

the point xq 

XU = if ^^'2n- 1, X|„_i_,„ = d^n-i + PlA^)d2n 
and for every multi-index cr, 

and VJ^ will be the vector field with components C^%,x„)deg(a)=k- 

These frozen derivatives have been defined as approximation of the intrinsic 
derivatives, depending on u. In order to clarify this point, we recall the following 
definition, given in [21^ and ^SOj. If a £ R and f{x,xa) — Oid!^ ^(x,xq)) as a; — > a;o, 
we will say that the differential operator /(x, j:o)V^ .^.^^ has degree deg{a) — a. We 
have 

XU^Xl,^ ifz^2n-l 
Xlu = Xlx^ + {u- Plu{x))d2n if z = 2n - 1 

Hence, if u is of class C^'", then {u — Pl^u{x))d2n is a differential operator of degree 
1 — a, while ^ and Xf^^ have degree 1. This means that the intrinsic derivative 
is expressed as the frozen derivative, plus a lower order term. 

More generally the following approximation result holds: 

Lemma 2.4. If u G "'^'"(fi), and a is a multi-index such that deg{(j) < k, then 
for every function (p G C^(ri) the derivative can he represented as 

(2.5) 

deg(p) — h<deg(<y) degCuijH hdeg(fifc)<fc-l l<deg{iii) 

where Cp^fj_^a.h suitable constants. In particular the operator u^ix) can be 
identified as a differential operator of degree deg{(j) and represented in terms of 
frozen derivatives. 
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Proof. Since the function (p is of class C^{n), its Lie derivatives can be simply 
computed as directional derivatives. By definition 

(2.6) Xl^if = Xl^^p + 5,^2n-l{u - PI^U) d2nV- 

Hence the assertion is true if deg{a) = 1. If the assertion is true for any a such 

that deg{a) = k, then we consider a multiindex a such that deg{a) = fc + 1. In this 
case 

a = (<Ti,o-), 

where 

J deg{a) = k if cji 7^ 2n + 1 

1 deg{a) = k — 1 iffc>3 and ai — 2n + 1 

We have 

by inductive assumption 

deg{p)-h<deg(s) dcsCMi ) + ■ ■ -desC/Jfc )<fc- 1 l<deg[^j,i) 

'iE9(Aifc)>0 

(also using (|2.6p ) 

+ E (s-p.^s)''-ix^^,js-pi„s) E ^p-A^^.*.'' n VM,fl(^-^.'o^)Vp,-o^+ 

deg{p)—h<deg(s) £icg(ni ) + ■ ■ ■ticg(An. ) <fe-l l<deg(/ii) 

deg(p) — h<deg(S) £ieg(ni)H |-<icg(m.)<A;-l l<deg(fii) 

+ E ("-^io")" E c'p,^^^*^'' n VM,fl("-<")^^.,xo(n,.o^) = 

deg{p) — h<deg{S) <Jcg(ni)H hdeg(fij.)<fc--l l<deg(pi) 

deg(fifc)>0 

+5.„2„-i E E ^p.p^.*.'^ n VM,fl("-<^)^2„v^,,„^. 

deg(p) — h<deg(S) <Jcg(Mi)-l hdeg(fif,)<fc-l l<(ieg(/Ji) 

dosCf fc)>0 

Note that the first term satisfies 

The second term is (u — Pl^u)d2n^%.x(,f- It can be considered one of the term 
listed in the thesis, with h = 1, while d2n^%.xo ~ ^p,xo^ ^ suitable of degree 
deg{g) = k + 2. Hence deg{g) — h = k + 1. Similarly, all the other terms are in the 
form, indicated in the thesis (in both case, cti ^ 2n+l or fc > 3 and ai = 2n+l). □ 

The vector fields X![ satisfy an Hormander type condition, hence they define 
a control distance di^^xoixojS,)- The corresponding metric balls B^^xoi^^T^) have 
volume comparable to r^"+^, and we will call 

(2.7) Q = 2n+1 

the homogeneous dimension of the space (R^", d^.^jj,). Note that the homogeneous 
dimension is the same as the Hausdorff dimension of {M.'^'^,du), defined in the in- 
troduction. A simple modification of Proposition 2.4 in [TB] yields the following 
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relation between de,xo and the control distance de,u associated to the vector fields 

Proposition 2.5. For every compact subset K of fJ, there exists a positive constant 
C — C{K) such that for every x,Xq, G K 

C"^de,xa{xa,0 < de.u{Xo,£.) < Cde,xo{xo,Cl, 
de,xo{xo,x) < C(4,^o(xo,C) + de,((^,x)), 

de.u{xo, x) < C{d^^u{xo, + x)). 

2.4. Linearized and frozen operator. In analogy with the definition of linear 
vector fields, in terms of a fixed function u, we can also define a linearization L^^u 
of the operator Lg, written in terms of the linearized vector fields Xf 

2n 

(2.8) L,.uu - c4,,m^Xl^Xl^u, 

where of ^ are defined in (jl.6p . Since the function u is fixed, the operator is a linear 
non divergence type operator, whose coefficients have the regularity of the function 
u. In case u is not smooth, it is natural to approximate it with a frozen operator, 
defined in term of the vector fields Xf^ : 

2n 

(2.9) ie,xo"= ^ af,^.(V|^2(a;o))Xf,,„X|,,„u, 

ij = l 

where afj are defined in (jl.6p . This is a divergence form uniformly subelliptic 
operator with C°° coefficients, which depends on e. Hence it has a fundamental 
solution (see [3]), and its dependence on e which can be handled as in [12]. 

Since FI^^ depends on many variables, the notation 

shall denote the ^^-derivative oiT'^^{s, ^) with respect to the variable s, evaluated 
at the point x. 

Theorem 2.6. ('[12] - Theorem 1.1) Let xq £ Q,. For every compact set K C 
and for every p gN there exist two positive constants C, Cp independent of e, such 
that 

(2.10) |v;,., wr;,,, 01 <c,^5-|S5i^. .e^M^p 

for every x,^ € A' with x ^ ^, where B^,xo{x,r) denotes the ball with center x and 
radius r of the distance d^^xo- If P — ^ mean that no derivative are applied on 



Remark 2.7. With the same notation as in preceding theorem, from Lemma \2.4 
and inequality \2.10\) it follows that 

(2.11) |v;,(.,r5.,(..f)|<c,^^-^g^. 

for every x,^ E K with x ^ ^. 

Hence, using Proposition 2.20 and 2.21 in ((16]) we have: 
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Proposition 2.8. Let A; G N, 2 < fc < 6. Let u G Ca~^'"(il) and K he a compact 
subset ofQ. There is a positive constant C independent of s, such that 

|(v^.,J^)"V^,Jxo))r^„(-,0| 

(2.12) 

<c(^d,^,,{xo,x)d,,,,ixo,0-'^-^''^''^'''+ds,.,{xo,xr , 
and 

(2.13) 

< c(4,.oK,x)4,.„(xo,e)~'^"'"^^<"' + ' +4,.oK,:r)«4,,„(xo,0~'^"''''"^+') , 

for every multi-index a, deg{a) — k, and for every x,Xo £ K and ^ such that 
ds,xo{xoi ^ Mde^xoi^Oix), for suitable M > 0. The constant Q is the homoge- 
neous dimension of the space, defined in |i?.7| j. 

Estimates of this type for the fundamental solution are the key elements used in 
Proposition 3.9 in [TBI to prove the following result: 

Proposition 2.9. Let k G N, 2 < k < 4. Assume that u is a function of class 
C^^^{Q) and that there are open sets fli CC ^2 CC ^3 CC such that for every 
X G f^i the function u admits the following representation 



n{x)^ J n^{x,ONiitxo)d^ + J n^,{x,ON2M^,xo)d^ 
n n 

(2-14) 

E J XlAi^'ON2.M{^,xo)d^ + J Tl^{x,ON3Atxo)dC 



Also assume that for every Xq fixed G ^i, the kernels Ni{-,Xo) are supported in 
fls, as functions of their first variable and there exists a constant Ci such that the 
kernels satisfy the following conditions: 

(i) if Xq is fixed G f2i the Ni{-,xo) is supported in — 

(2.15) \N,i^,xo) - N,{^,x)\ < CidZ,JxQ,x); 

(ii) -/V2,fc(', a^o) o-nd N2^kii-, Xq) are smooth functions and all derivatives are uni- 
formly Holder continuous in the variable xq, satisfying condition h2.15\) with the 
same constant Ci as Ni; 

(Hi) for every ^ G f^a and x, xq G fii 

(2.16) |7V3,fc(e, 2:0)1 <Ci<-2+"(xo,0, 
and 

(2.17) \NsAtxo)-NsAtx)\ < C^dl^^ixo,x)d':-lixo,0- 
Then u G and for every a such that deg{a) = k 
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(2.18) 



+ j V%Jxo)T%^{x,ON^M{i,^^)d^- 
n 

Besides, for any a' < a, there exists a constant C only dependent on Ci and on 
Cp in \2.1U\) such that 

\\u\\^...'<C. 



Remark 2.10. The derivatives g(xo) in Ii2. 1 8\) can be computed by Lemma \2^\ 
in term of the frozen derivatives V^, ^.^(a^o)- ^'^ particular the frozen derivatives 
V^^ij(xo)(ft.(- oC~^)) can be calculated by formula in Proposition 2.23 in [16j . 



Remark 2.11. It is not difficult to prove that the same result is still true, if u has 
a more general representation 

u[x)^ j T%^X^,ONi{Lxo)d^ + j rj„(x,C)iV2,fc(^,a;oK 
o a 

2n „ . 

(2.19) +E j XlA^^^ON^M{i,^o)d^ + j Tl^,{x,m^Ai.^o)di 

*=i n n 

2n „ 

+ E / K^on„(^^ONiMi^,Xo)d^, 

where the kernels N^^kii^, xq) satisfy assumptions similar to N^^k '■ 
for every £, G fls and x, xq e Q.i 

(2.20) |A^4,fc.(e,xo)| < Ci4-;+"(a;o,0, 
and 

(2.21) \N^Mi^,xo)~N^,M{i,x)\ < Cidl,^{xo,x)d',-l{xo,0- 

3. From Lip to C^'". 

Let us now start the first step in the proof of the regularity result. Using in full 
strength the nonlinearity of the operator , we prove here some Cacciopoli-type 
inequalities for the intrinsic gradient of u, and for the derivative d2nU. The main 
novelty of the proof is that putting together two intrinsic subelliptic Cacciopoli 
inequalities we will end up with an Euclidean Cacciopoli inequality. In this way we 
can obtain the Holder-regularity of the gradient via a standard Moser procedure. 
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We first observe that 

where (Xf„)* is the adjoint of the differential operator Xf^ and 
(3.1) 

(XIS = -Xl^, if z = 1, ...,2n-2,2n, and (X|„_i^J* = -Xl^_^^^- d2nU. 

We now prove that if m is a smooth solution of L^u = in C M^" then its 
derivatives d2nU and X| are solution of a similar mean curvature type equation 
with different right hand side: 

Lemma 3.1. If u is a smooth solution of L^u — then w — d2nU + 2\\u\\Lip is a 
solution of the equation 

where Oij are defined in U.6]) . 

Proof. Differentiating the equation L^u = with respect to d2n we obtain 



(3.2) y{x!s(^M^M={xis^)^o, 



V V^i + |v 

Using the previous remark 







iHS{d2.{-^^ 



X!,u 







Note that 

v/l + |V£«12 (1 + |V£zi|2)3/2 ■ 

The result follows immediately. □ 

Differentiating the equation L^u = with respect to Xf, ^ we obtain 

Lemma 3.2. If u is a smooth solution of L^u =^ then z ^ X^ + 2||u||i.ip with 
k < 2n — 1 is a solution of the equation 

(3.3) = -Et^^^'^y (y=j=^) ~T.^iu(:^^^^[xiu,xu]u), 

where Oij are defined in lll.6\) . 
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Proof. Differentiating the equation LgU = with respect to ^ we obtain 



Note that 



concluding the proof. □ 



(1 + |V^up)V2 ([^fc.M-^i.u]" + 



Remark 3.3. It is useful to compute explicitly the commutators that appear in the 
previous result. 

If k < n — 1 and i = k + n — 1 or i <n — 1 and k = i + n — 1, then 

[Xlu,^i,u\=si9n{k-i)d2n; 
If i = 2n — 1 and k < 2n — 1, then 

If k = 2n — \ and i ^2n — 1 then 

If k = 2n and i = 2n — 1 then 

All other commutators vanish. As a consequence, if u is a smooth solution of 
LgU = then \[X^^^,X?^^]\ is always bounded by 1 + 



Proposition 3.4. (First Cacciopoli type inequality for Xf. ) If u is a smooth 

solution of L^u = in Q. C M^", and z = Xf, + 2||u||Lij, with k < 2n then for 
every p ^ 2 there exists a constant C, only dependent on the bounds on the spatial 
gradient and on p such that for every ip G Cq" 

The constant C is bounded if p is bounded away from 2. If p = 2 the inequality 
holds in the form 

j \d2nZ\^^^ <C J ZP{^' + 
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Proof. Calling lu = d2nU + 2||M||Lip, we have 

ay(VJw) 



J ' " ' J ^/l+|Vf,u|2 ''^ 



= -c 



(integrating by parts in the first integral ) 



a2n-lj(Vn") 

a2n-ij-(V» 

V1 + |V^U|2 



a2n-lj(V» 



The first integral vanishes by Lemma ISTTl In the other integrals we can use the fact 
that 

"''^^""^ < 1 and \{XIS^\ < (1 + ||u|k.,)IV>| 



where llwHiip is bounded uniformly in e by assumption. Then 
j iVitol^zP-'cp^ <C[J \yiLo\zP-\ip^ + \cpViip\) + ip-2) J |V>||V^z|zP-V 
(by Holder inequality and the fact that z is bounded away from 0) 

<6j \Vlcj\' zP-'^'+C{S) J |V^z|V-V + C(<5) I zf(^2^|V^^n. 
For S sufficiently small this implies that 

(3.4) I < I V^zpz^'-V' zP{^' + IV^^p) 

The constant C above is bounded as long as p is away from 2. The special case 
p — 2 follows along similar computations. 
Note that, if fc 7^ 2n — 1, we have 

\d2nZ\ = \d2nXl^u\ - IX^^d^nUl < |V>| 

If fc = 2n — 1 , we have 

\d2nZ\ = |52„X|„-l,n«l = \XL-l,ud2nU\ + \d2nU\' < |V>| + \d2nU\' 

Hence, using again the boundness of |(?2nu| and the fact that z is bounded from 
below, together with inequality (|3.4[) we conclude the proof. □ 



Proposition 3.5. (Intrinsic Cacciopoli type inequality for X^ ) If u is a smooth 
solution of L^u — Q in Q, <Z M^" and z — Xf. + 2||u||iip, with k < 2n, then for 
every p =/= I there exists a constant C > 0, only dependent on the bounds on the 
spatial gradient and on p such that for every Lp G 

The constant C is bounded if p is bounded away from the values 1 and 2. 
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Proof. Multiplying the equation ()3.2p by ^Lp^ and integrating we obtain 



'l + |V£w| 



We denote by Ii and I2 the integrals in the right hand side. Let us consider the 
left hand side 

(since {Xf J* = -Xl^ - S,^2n-ld2nU) 

= -{p-l) f ^MSLx? zXf„zzf-V'-2 / -^M^M=X^^zzP-'^Xt^ip- 



Using the uniform ellipticity of Uij and the boundeness of and d2nU, we obtain 

1 |V^z|V-V<c(2 1 |V^z|zP-V|V^^|+ 1 |V^z|z''-V')+|/i| + |/2|. 
From here, using an Holder inequality and the boundeness of z from below one has 
(3.5) J |V^zpzf-V' <cj zP-' (^2 ^ |^e^|2) ^ i^^i ^ i^^i^ 

Next we estimate separately the terms Ii and 12- We begin with the latter and 
observe that integrating by parts the expression of I2 , we have 

l2 = {p-l) I [XI „, XU]u Xt^z zP-^ ^2 



(using the fact that both aij and the brakets, computed in Remark [3.3i are bounded) 

<C j |V^z|zP~V' + C j zP-V|V;(p| +C j zP"V' < 
(since z is bounded from below) 



for every 5 > Q. 

In order to estimate /i we first consider separately the case k ^ 2n — 1. If 
k <n — 1 then by Remark 13.31 

X^^„-^ „U \ ^ , „ f ^ / Xo 



I,^^s^gn{k-n){l~S,^2n) / ^2n( J z^' V^- / ^g. A ( ,/"T^:" ) 



< 
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(integrating by parts, using the boundness of V^u, and the fact that d2nXf, = 

d2nZ ) 

<C J \d2nZ\zP-^ip^ +C J zP-^\ipd2n^\+C J \d2nZ\zP-' ifi^ < 

(using Holder inequahty and the fact that z is bounded away from 0) 

< S I \d2nZ\^zP-^^^ + CiS) J zP{\^d2n^\ + < 

(by Proposition 13. 4|) 

<S f |V^Z|V-V'+C(5) / zP{\^d2n^\+^' + \K^\'). 



This estimate can be proved with a similar argument in the case n < k < 2n — 2 
and k = 2n. Hence if fc 2n — 1 the conclusion follows by choosing S sufficiently 
small. 



If /c = 2n — 1 , then Remark 13.31 yields 

XL.u 



A = - Xl^ud2n(^- 



l.U 



+ 

(directly computing the derivative with respect to d2n ) 
(since Y.^{Xl^y)^ = |V>|2 ) 



If we set F[s) = -^/f^i then one easily computes 
so that the previous integral becomes: 



h^- j d2nF{\Vlu\^)zP-^V^^ 

(integrating by parts) 

= iP-^)j F{\Vlu\^)d2nZzP-'ip' + 2 J F{\Vlu\^)zP-'^d2n^< 

(using the fact that F is bounded) 

<C J \d2nZ\zP-^ip^ +C J zP-^\ipd2nV>\ < 

(by Proposition 13.41 and an Holder inequality) 

<sl |v^,z|V-V + c(^) / zP{\^d2,M + v' + \^l^n, 

thus concluding the proof. □ 
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Next, we note that, from Propositions 13.41 and 13.51 one can derive a Euclidean 
Cacciopoli type inequality for z — Xf. + 2||u||Lip, with k < 2n. Here and in the 
following We denotes the Euclidean gradient in R^". 

Proposition 3.6. (Euclidean Cacciopoli inequality) If u is a Lipschitz continuous 
solution of LgU = in fl C R^", and z = + 2\\u\\i^ip, with k < 2n, then for 

every p ^ 1 there exists a constant C , only dependent on the bounds on the spatial 
gradient and on p such that for every G 

(3.6) j \Vez?zP~^^^ <cJ + iVfi^n. 

The constant C is bounded if p is bounded away from the values 1 and 2. 

Proof. Observe that there exists C > depending only on and such that 

for all points in fi, 

|V£Z|2<C( J2 \Xl^z\^ + \d2nZ\ 
k<2n 

Hence using Propositions 13.41 and 13.51 and observing that 

we obtain p.6p . □ 



From Proposition 13. 6[ using the classical Moser procedure in the Euclidean set- 
ting, we can immediately deduce the following regularity result: 

Proposition 3.7. Let u be a solution of L^u ~ in ^ C K.^" and set z — X^ + 

2\\u\\Lip, with k < 2n. For every compact set K CC then there exist a real 
number a and a constant C , only dependent on the bounds on the spatial gradient 
and on the choice of the compact set such that 

\\z\\cs(K) < C. 
In particular we have the estimate 

2n+l 2n 

1=1 j=l 

Proof. For p ^ 1,2 and z as in the statement of the proposition define the function 



w 



Z2 if p ^ 0; 
In z if p = 0. 



If p ^ then the Caccioppoli inequality (|3.6|) and the Euclidean Sobolev embedding 
Theorem yield 



(3.7) [j \^wr)^ <Cp' j w'\Vep\', 

for some 9 > 1. Let < ri < r2 be sufficiently small so that the Euclidean ball 
is contained in Q. With an appropriate choice of test function p.7p implies 
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if p > 
if p < 0. 



If p = 0, dSSl) implies 



J\ipVEwf < C j \Vev?- 

Let r > sufficiently small so that the Euclidean ball Br C ft. A standard choice 
of test function and Holder inequality yield 

Recalling that n C M^" and using Poincare' inequality we obtain w € BMO{Q). 

At this point, using p.Sp . the John-Nirenberg Lemma and following the standard 
Moser iteration process (see for instance [25j Chapter 8]) we obtain the Holder 
regularity of z. □ 



4. From C^'" to Cf. 

In this section we will conclude the proof of the regularity result. The section 
is organized in 3 steps. We fix a function fZ, and study solutions of the linearized 
equation 

2n 

defined in (|2.8p . and represented in non-divergence form. The solutions u well be 
represented in terms of the fundamental solution of the approximating operator 
Le,xo^ defined in (|2.9p : 

2n 

where af^ are defined in (|1.6p . Since estimates of FJ^j uniform in e are well known 
(and have been recalled in section 2), from these representation formulas we will de- 
duce a priori estimates for the solution u, in terms of the fixed solution u. Choosing 
u — u we will obtain a priori estimates of the solutions of the non linear equation 
L^u ~ 0. Finally, letting e go to 0, we will conclude the proof of the estimates of 
the vanishing viscosity solutions of Lu = 0. 

4.1. Representation formulas. 

Lemma 4.1. The difference between the operator L^ u o,nd its frozen operator can 
he expressed as follows: 
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ij = l 

2n 

(4.1) -Y.''2n-l,mu(xo)){u{0 - P^M0)d2nXl^u{0 

2n 



Proof. Observe that 

2n 



ij = l 

2n 

ij=l 
2n 

y=i 

E a^Vlu{x,))({Xl^ - Xl^JXl^ + Xl^^iXl^ - Xl.j)u{^) 

2n 

E {at,mu{xo)) - al^{Wlu{0))xi^Xl^u{0- 



ij=l 

2n 



ij = l 

2n 



ij=l 
2n 

~Y.<J(^rMxo)){S^anMm-PLm)^2nXl^+Xl,^{6J,2n-l{H^^^ 

where S is the Kroeneker function. From this the thesis immediately foUows □ 

Let us first represent the solutions of the equation L^,y,u = it in terms of the 
fundamental solution F^^ of the operator L^^^o defined in (|2.9p . 

Proposition 4.2. Let us assume that u is a fixed function of class C°°{fl), and 
that u is a classical solution of L^^^u = g & C°°(f2), Then for any ip G C(j"(r2) the 
function ULp can he represented as 



u^{x)^ j Tl^{x,ONii^,xo)d^ + j ri^ix,OLeMO^{Odi+ 
a n 

(4.2) + E y {bt, mu{xo)) - ( V|«(a)) Xl^Xl^u{i)p>{i)di 

In n. 

E y ^f..or-.o(2^,C)(^(^)-Pi„zi(0)/»...(2;o)^f,fi^|.fi^i(^)^(Ode 



y"s=l ; 
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The expressions of Ni , bij and hsij are the following: 



(4.3) 



ij=l 
2n 

i=l 
2n 

+ E«^2n-i(v|s(xo))(u(e) - P^AO)KMKu^iOX!MO 

i=l 
2n 



B2n 



(4.4) bi^j{p) = -SikUkjip) + a2ri-ii(V|u(a;o))pi4n - p„(5.aa2„_y (V|M(a;o)) 

Finally hsij o,fs f^ol numbers, only dependent on xq, defined as 
(4.5) 

hsijixo) = -a''2„_i^JVlu{xo)){diiSjn - SinSji) + a''2n^^.j{\7lu{xo)){SslSin - SsnSil). 

Proof. By definition of fundamental solution, we have 
(4.6) 

u(p{x) = j Tl^{x, £,)L,,^„{wp){£_)d^ 
n 

= /r^o(^'0 ["^e,.o<^+ E4-(^fi"(^o))(^f,.oW^|,xo¥' + ^|,.o"^^=.^ ) 

+ / ri„{x,OLe,MO^{Od^ + J n^{x,0{Le,.o - L.^uMO^iOdC 

n n 

We can use the expression of Lg^^xo ~ Le.a computed in (|4.ip . Let us consider the 
second term in the right hand side, multiplied by the fundamental solution. Since 
d2n = [Xlxo,X^,a:ol becomes: 

2n „ 

(4.7) E«2„-i,(V|S(xo)) / r|„(x,S)(w - P^,u)d2nXl^u^d^ 

2n » 

= E«2n-i,(V|S(a;o)) / n^{x,0{u - P^^u)[Xl,^, X-„^,^]{Xl^u)vd^ = 
(integrating by part and using the fact that Xf .^.^ = Xf^ and X^ .^.^ = X^^^^.) 

2n r. 

- -E«2„-i,(V|S(a;o)) / Xlx^Y%^X^X){m - PlA^))Xl^uXUu^di 
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2n 



In 

In . 



2n 



The third term in (|4.ip becomes 

2n 



(4.8) EaL-i,(V|S(a;o)) / Vl^{xX)^,.,{{m~PlAi))^2^n{i)^{m 
(integrating by part) 

E«2„-i,(v|"(^o)) y x;,.„r^^(x,o (u(0-i^.X0)a2nw(0^(0rf^ 



(4.9) 



2n 



- E«2„-i,(v|s(xo)) y r|„(a:,o (s(o - Pi^m)d2nu{i)xi,^^{i)di 

Inserting (|4.7p and (|4.8p in (|4.ip and using the expression of hij and hsij{xo), we 
obtain 



2n ^ 



Xo 

n 

2n 



ij=l 



(4.10) 

E / rSo(^,o(&f,(v|zi(xo))-6f,(v|s(a))xf,^x|^fi«(0'p(Orf^ 



2n 



E / x,%„r^„(a:,0(zi(0-^io^(0)/i...-(a^o)^f.a^|,aw(0^(OdC 



ijs=l 
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2n „ 

(4.11) +E«2„-i,(V|S(a;o)) / n^{x,0{u{0 " P^,uiO)XUXl^uXl^^ 

2n „ 

From this expression, equation (|4.6p , and the expression of A^i in (|4.3p we obtain 
the asserted representation formula. □ 



The foUowing representation formula will be used to estimate higher order deriva- 
tives of the solutions. 

Proposition 4.3. Let us assume that u is a fixed function of class C°°(ri), and 
assume that u is a classical solution of L^^^u — g € C°°(Q). Then for any ip S 
C^(P) the function utp can he represented as 



uifix) = J ri^{x,ONi{C,xo)d^ + J n^{x,ON2AC,^oMOd^ 
n n 

(4.12) +E j Kr..Koi^^ON2,U£..^o)di + j r^o(^'0^3,fc(e,a:o)de 

2n 

+ E / XLorJo(^'6^4,H(e,xo)d^, 

where Ni{^,xo) is defined in (^T^. If bij is the function defined in ^J^, we call 
biju = ^ii(V|u), and the other kernel are expressed: 

2n 



2n 

A^2,fc.(^,xo) = {p':^'^io ~ pL^{o)hs^,{xo)p^;'{xl^xl^um 

ij=l 



^3,fc(C,xo) = (.g(e)-P,V'3(0) + 
(4.13) +(6.,«(0 - hMxo)) {xi^Xl^a^O ~ P^-'iXl^Xl^um) + 

- p^~\jdo)p^o''ixiuXUum 

(4.14) 

NiM^,xo) ^{m ~ p^t'^iO)''^vMP^,;'{xi^xi^um+ 

+ {u{0 - Plu{0)hsr,{xo)(xi^Xl^u{C} - P^-HXl^Xl^um). 
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Proof. We represent uip as in formula (14. 2|) . and we study each term separately. 
Let us start with the second term in (14.21): 



(4.15) 5(0 = L.^MO = P^o^'m + (.9(0 - P^^'giO) 

The kernel in the third term of (|4.2p will developed as follows: 



(4.16) 



The first terms in ()4.15|) and ()4.16p define A^2.fc, the sum of the other terms defines 

iV3,fc. 

The kernel in the last term of (|4.2p can be represented as 



=(^(0 - piu{i)\K,,{xAxuxi,,u{i) ~ p^-'{xi^xi^ 

(4.17) ) X 

+(^(0 - ^''.r'"(o)/i...(a;o)p.V'(^^^^;,^«)(e)+ 
+{p';'m - <s(e))/^s.,(xo)p,V'(^^^^l,a«)(0- 



The first two terms of this expression define N4^ks, the third defines N2,ks- D 



4.2. A priori estimates of the solution of the linear operator. 

Proposition 4.4. Assume that u and u are of class C?°(r2) and that L^^uU — g £ 
C|°(r2). Also assume that there exists a compact set K C and constant Co such 
that 

l^llci-°(i<-) + ll5llc^-°(if) + H \N%,uu\\l^(k) <Co. 

deg{a)<2 

Then, for every compact set Ki CC K , for every a' < a there exists a constant 
C > only dependent on Co , a and the compact sets, such that 

(4.18) J2 l|V^,^«llcg'(x,) 

deg(<T)=2 

Moreover, for every choice of compact sets if 2, such that Ki <Z<Z K2 CC CC 
K for every function tp g {int{K)) such that ip = 1 in K2, for every multi-index 
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(7 of length 2, we have the following representation 
(4.19) 

n 

+ J K,M^ki-^0{giO - PLgiO)^im 

n 

2n „ 
2ri 

where Ni is defined in Proposition \4-^ 

Proof. By Proposition 14.21 we know that the function rnp admits a representation 
in terms of the fundamental solution of the frozen operator, and suitable kernels. 
Let us verify that these kernels satisfy the assumptions of Lemma [2.91 with k — 2. 

From the expression of Ni in (|4.3p . we see that Ni is a sum of derivatives of 
the function ip. Since if is constantly equal to 1 on the set K2, then A'^i vanishes 
on the same set. Hence the point (i) of Lemma [2.91 regarding the support of A^i is 
satisfied. On the other side A^i depends on xq only through the first derivatives of 
u, while it depends on ^ through the derivatives up to second order of the function 
u. Hence it is Holder continuous in xq locally uniformly in ^. Hence there exists a 
constant Ci only depending on Cq such that 

\m{^,xo)-m{^,x)\<Cidl^„{xo,x), 

for every x,Xo G Ki and ^ £ Kr^ and this conclude the proof of assumption (|2.15p . 
The second term in (|4.2p is the convolution of the fundamental solution with the 

function 5(0 = L,,MO = + {giO " P^M^)- The function P^^gi^HO 

will play the role of the kernel N2 in Lemma [2.91 Since g is of class C^'"(if), its 
first order Taylor polynomial is Holder continuous in xq locally uniformly in ^ and 
there exists a constant Ci only depending on Co such that 

KMOviO - P'giO^m < Ci<,„(xo,x), 

for every x,xo G Ki and ^ G K3. And this conclude the proof of assumption (ii). 

The function {g — Pxgg){£,) satisfies the assumptions (12.16^ and (|2.17p of the 
kernel N^.k, in the same lemma with k = 2. Indeed, from the definition (|2.2p of 
Taylor polynomial we deduce that 

\{g'PL9m\<Cidl+j:{xo,0, 

if a;, Xq are fixed in Ki and ^ G K3. Similarly, from (|2.4p we deduce that 

\P^o9iO - P^giOl < Ci4,.o(xo,x)"4,xo(xo,0, 
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again with a constant Ci, depending on the C^'" norm of g. This ensures that 
(|2T7l) is satisfied. 

In the same way, using the regularity properties of u, we deduce that the function 



satisfies the assumption of the kernel N^^k in Lemma 12791 

Finally, from the property (12. 4p of the Taylor polynomials, we deduce that the 
function 

satisfies the assumptions of the kernels N^^ks in Remark l2.11l □ 

In order to obtain an a-priori estimates of the second derivatives of the solution 
u in terms of its norms we need to improve slightly the previous result. 

Lemma 4.5. Assume that u and u are C°° functions, and that u is a classical 
solution of L^^uU = g E C!j^{Q). Also assume that there exist a compact K <Z Q, 
and real numbers p > 1, a < I and Cq > such that 

\M\ci-r{K) + ll5llci-(/f)+ 

(4.20) +ll«llcl-(K)+ E W^lu^W LHK) < Co. 

deg{<7)=2 

• IfQ—po^ > 0, then, for every compact set Ki CC K there exists a constant 
C > only depending on C'o such that 

(4.21) INIuuWl^k,) < C, 

deg(a)=2 

where r = ^^^^ , and Q is the homogeneous dimension of the space, defined 

• If Q —pa < 0, then for every compact set Ki CC K there exists a constant 
C > only depending on Co such that 

(4.22) W.,un\\L^(K,)<C. 

deg(a)=2 

Proof. The proof follows from the representation of the derivatives of wp provided 
in Proposition 14.41 

Let us consider the first integral in (|4.19p We first note that, by the expression 
(14. 3p of A^i , there exist constants C3 and C4 only dependent on Cq such that 

\Ni{^,xo)\ < C3 + C4 ^ 

for any ^, xo G K. On the other hand A^i is a sum of derivatives of the function Lp, 
constant in K2, the support of the kernel A^i is a subset of if 3 — K2. This implies 
that if x G Ki and ^ S supp{Ni), then d^_u{x,£,) > d^ u{Ki,K3 — K2) and the 
function g(a;o)r|^ (a;, ^), is bounded uniformly in e, by condition (j2.1ip . Then, 
for every xo C Ki 

J V^,^r(a;,0^i(e,^o)de| <^ INii^^^oM < c(l + \\X„-.X,uu\\mK)) < Ci, 
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where C only depends on Co- 

The second term in ()4.19|) is the convolution of the fundamental solution with a 
regular function, 

v^,a(xo)(pi„ff(o^(a^o°r')) 

whose L°° norm only depends on | Iff] 1^1,= on the support K of the function ip. 

In the third term of (|4.19p . using the property p.2p of the Taylor polynomial, 
and the estimate p.lO|) of the fundamental solution, we obtain 

v^,,a(a:o)r^„(-,o(.9(o-^.'o5(o) ^m<c / <-f(xo,e)rfe<ci 



for a suitable constant Ci depending on and on the compact set K. Con- 

sequently, these terms belong to L"^^. 

Using again (|2.2p and (|2.10p the last two terms in representation formula (|4.19p 
can be estimated by 

(4.23) j d-^+^{x^,0\XUXlMm^- 

n 

Thanks to Theorem l2.61 we can then apply the standard theory of singular integrals 
and deduce that if \XI^XIj^u{C)\ G LP{K), with Q-pa>0 then li4:2T|l follows. 

In order to prove (|4.22p it suffices to apply Holder inequality to (|4.23p and use 
the fact that Q — pa <0. This immediately leads to the desired L°° bounds on the 
second derivatives of the solution. □ 



Proposition 4.6. Let us assume that u is of class C°°(f2) and that u is a classical 
solution of L^ uU — g ^ C?°(r2). Let us also assume that there exists a compact set 
K C Q and constant C'o such that assumption is satisfied, and such that 

+ ll^llc^-i'°(A') + ll.9llc^-2'°(i^) < Co- 
Then, for any 2 < k < A, for every compact set Ki dC K there exists a constant 
C > depending only on the choice of the compact sets, Cq, k and a such that 

ll"llc^°(Ki) ^ 

Proof. A direct computation shows that the kernel in representation formula in 
Proposition 14.31 satisfy assumptions of Proposition [2Jl □ 



4.3. A priori estimates of the solution of the nonlinear operator. We start 
with the follow iteration result: 

Lemma 4.7. Assume that z is a smooth function satisfying 
(4.24) + fo = Omn 

then the function vt = Xf^ satisfies the equation 

J2avin^)X!^X]^Vh + fh^0, 

on the same set fl, where ft depends on V^fz, 92nV|z, Xf^^fo, V|^m. 
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Proof. Differentiating the equation ()4.24|) with respect to Xf^ ^ we obtain 

ijk ij 
ij ij 

Then 
where 

2n 



ij 
ij 

+ E ( V|«) [Xlubj ~ Xl-fih)d2nXt^z 

ij 

ij 

Here the function fh clearly depends on V|^z, i92nV|z, Xf^^f^, V|^u. 



Lemma 4.8. ^sswme f/iaf z is a smooth function satisfying 
(4.25) E (Vl^)^f^^Jo^ + /o = f7 

then the function v = d2nZ, satisfies 

E«.j(vs?/)^ffiX|^« + /-o, 

ij 

where f depends on Vl'^z, 92nV|z , d2nfo- 

Proof. Differentiating the equation (|4.25p with respect to d2n we obtain 

= d2n ( E (ylu)Xt^X-^^Z + /o) = 

= E c'p.ay92„XfflMXfflX|^aZ + E a»j(V|u)[a2«, 

ijk ij 

+ E a.,(V|S)Xfs[92„, ^|.,]^ + E «.j-(V|«)Xf«x;j92„^) + 92„/o. 

ij ij 

The latter can be rewritten as 

Y,a,,{Vlu)Xt^X-^^v + f = Q, 
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where the function 

ijk ij 

+ Y a'ijSj2n-l{'^lu)Xff^{d2nUd2nZ) + ^ fly ( V|u)XfflXjat; + d2nfo 
ij ij 

depends on V|f;, V|^z, 92„V|z, V|^u. □ 



In order to study of the nonhnear equation we apply the previous lemma with 
u — 

Lemma 4.9. Let a be a multi-index with all components smaller than 2n. Then 
the function v„ = „u satisfies 

Y,a^A'^»XLX^^v, + f,^0, 

ij 

where f^j depends on Vn*''^^^''u, 92nV^''u with k — deg{a). 

Proof. By Lemma 14.71 the assertion is true for the derivatives of order one. Assume 
that it is true for deg{a) — k. Then, let us consider a multi-index a of degree k-\-l. 
By definition a =^ {ai,a), with degia) — k. Then by inductive assumption the 
function z = V| satisfies 

Y,a^,{Ku)XlX]^z + fo = 0, 

ij 

where /o depends on V^'^+^u, 92nV^''u. Applying Lemma Ffl we deduce that the 
I solution of 

^a.,(V»Xf^X;„z;. + /<,, =0, 



function Va — X^^^z is a solution of 



where fc^ depends on VJ-^z, 92„V|2; and Xcn^ufo- Since /o depends on V^'^+^w, 
92nV^'=u, then X„^,ufo depends on X^^^^Vf^'^+^-u and 

^5i,«a2„Vf U = 5.,2n^ld2nUd2nyfu + a2„X^,,„Vf U. 

□ 



Theorem 4.10. Let u he a smooth classical solution of the nonlinear equation 
L^u = 0. Let us fix a compact set K Gd Q and assume that there exist constants 
a < 1, p > 1 and Cq > such that 

(4.26) Mct-(K)+ Y \\^a,uU\\LP{K) < Co. 

deg{cr)=2 

Then, for every (3 < 1, for every compact set Ki Cd K there exists a constant Cp 
such that 
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Proof. Wc first prove that for every r > 1 for every compact set K2 such that 
Ki CC K2 CC K there exists a constant Cr, only depending on Co and on the 
choice of the compact sets, such that for every multi-index a of degree 2, we have 

(4.27) iiv^,,„^.iu.(;^,) <a. 

Indeed, for every compact set if 3 such that K2 CC CC K we can apply the 
first assertion of Lemma 14. 5[ with u = u and we obtain 

(4.28) \\K,uU\\L^HK,)<Cr„ 

where ri = n-2a -^2. Ifn — ria>0 we can apply again Lemma 14.51 on a new 
compact set compact set K4 such that K2 CC K4 CC K3 and we have 

(4.29) \\'^l,M\L^HK,)<Cr,, 

with 

nri 2n 

r2 = = :r~ > '^1- 

n — ri a n — Aa 

For every fixed number r, after a finite number of iterations of this same argument, 
we can prove the estimate (|4.27|) . 

Consequently by (|4.22p we have ||V^ ^^uHl^ < C then for every compact set K5 

such that Ki CC K2 and for every /3 < 1 there exists a constant such that 

As a consequence of Proposition 14.41 we deduce that for every (3 < 1 for every 
compact set Kq such that i^i CC Kq CC there exists a constant Cp such that 

By Proposition 14.61 we deduce that for every /3 < 1 and for every compact set Kr 
such that Ki CC Kj CC Kq there exists a constant Cfj such that 

Applying again the same proposition with fc = 4, we deduce that 
which implies in particular that there exists a constant Cp such that 

l|w|lc|-^(Ki) + ll^2nU|lc?.'3(if^) < Cp. 

□ 

Theorem 4.11. Let u be a smooth classical solution of Lf,u = 0. Let us also 
assume that assumption {4-26^ is satisfied. Then, for any compact set Ki CC K, 
for every k £ N and a < 1, there exists a constant C > depending only on C'o,k,a 
and Ki such that 

Proof. For every k C N, for every a with deg{a) — fc, and components in {1, . . . , 2n} 
we prove by induction that 
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and that for every compact set Ki such that Ki CC K there exists a constant 
C > depending only on Co, fc, a such that 

\\^a,uU\\c^.''(K,) + \ \92n'^a,uU\\cl-'-{K,} ^ C. 

The thesis is true for deg{a) = by Theorem 14. 101 

We assume by induction that it is true for deg{a) — k. Call z — \7^^u, then by 

Lemma H^ the function z satisfies = /o- in with /o- = fc^iyu^^^^'u, 92nV^''u) G 

C^'"(il), by inductive assumption. By Lemma [4.81 the function v — d2nZ satisfies 
Le.uv = /, in fl, where the function / = /(V^^^, ^anVJz) G CI^°'{Vl). 

It foUows by Proposition l4.6l that v = d2nZ G C^'"(ri), and if is a compact set 
such that Ki CC K2 CC K there exists a constant C depending only on Co,k,a 
such that 

||^^|lc2-(i^.)<t^ill/llc-(K.) = ^2. 

This argument, applied to any multi-index a with deg{<j) — fc, implies that V^'^u G 
C^'". Consequently 52„V;'=+1m G C^-", and 

l|52„Vf7.||p2,„(^^) <Ci, 

for an other constant Ci, only dependent on Co, fc, a. 

Moreover by Lemma [4.71 the function Vh = Xf^^z satisfies Lvh = fh, with fh = 
fhV^uZ,d2„Vlz) G Ci'"(f7). Again Proposition gil] implies that Xf„V^.„u G 
C3'"(fJ), and that 

for a constant C2 dependent on Co, fc, a. This concludes the proof. □ 

Proof of Theorem dH] 

Proof. Let (we)e be a smooth approximating sequence of u such that 

LgUg = in f2. 

Let be an arbitrary compact set in Q. Then there exist compact sets K and K2 
such that 

Ki CC K2 CC K. 
By assumption there exists a positive constant Co such that 

for every e. By proposition 13 . 71 there exists a constant Ci such that 

II^L'"ellci'°(/f2) + \\92nUe\\L°-(K2) + \\'^''Z'^s\\l^K2) < Ci- 

Then by Theorem 14.111 for every fc there is Ck such that 

||Ue||p2fe.o(^^^ < Cfc. 

In particular, 

\\Ue\\c%{K^) < Cfe. 

Since all the constants are independent of e, letting e go to we obtain estimates 
of u in C|; for every fc. Consequently u G C^. □ 
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